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The Petrov-Galerkin technique is used to derive finite-element methods for hyperbolic 
equations in one space dimension. Special test functions are developed to ensure that the 
“unit CFL property” is satisfied, first for scalar equations and then for linear first-order 
systems. With linear elements and Euler, leap-frog, or Crank-Nicolson time-stepping, 
several interesting relations with standard finite-difference methods emerge and the schemes 
exhibit particularly high phase accuracy on coarse grids as well as improved stability 
properties compared with Galerkin methods. 

1. INTR~DuOTION 

During the last several years considerable interest has developed in the potential 
advantages of finite-element methods for the solution of initial-value problems, firstly 
for parabolic equations and more recently for hyperbolic: individual references are too 
numerous to list but see the recent reviews by Mitchell [7] and Morton [9]. The 
optimal global approximation properties which are crucial to the success of these 
methods for self-adjoint elliptic problems may not at first sight seem so relevant to 
initial-value problems, particularly in the hyperbolic case: there the phenomena are 
more local and the Taylor series expansion which lies at the heart of finite-difference 
methods may be more appropriate. However, the high accuracy attainable with 
spline-Galerkin methods in a semidiscrete formulation is now well established and is 
very encouraging-Cullen [I], Cullen and Morton [2], Swartz and Wendroff [12, 131, 
ThomCe and Wendroff [14]. The spatial approximation provided by finite-element 
methods can be very satisfactory therefore, but the difficulty comes in coupling this to 
the time discretisation. A direct application of the Galerkin principle in space-time can 
lead to a very inefficient algorithm and poor convergence; see, for example, Lesaint 
[4]. In this paper we combine finite-difference approximations in time with finite- 
elements in space (one dimension) in a formulation which leads to schemes of high 
accuracy right up to unit CFL number. 
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In the semidiscrete Galerkin formulation, an approximation to the equation ut = Lu 
is sought of the form 

WY 0 = c udt) 9m (1.1) 

by setting 

<rr, - LU, 42 = Q, (1.2) 

where (u, v) denotes the L, inner product J u o dx over the domain of the problem: 
that is, the “test” functions di(x) in (1.2) are the same as the “trial” functions in (1.1). 
This can be justified or motivated as follows: if (1.1) represents a discrete approxima- 
tion to u(x, t) at time t, then the best least-squares approximation to LU of the same 
form Y = C V&(X) is given by 

min&ise 11 V - LU jj2, (1.3) 

where /I u /I2 = (u, u). This should therefore be taken for U, and gives Eq. (1.2). If the 
& are linear basis functions on a uniform mesh of size h, these equations are accurate 
to 0(h4) when L represents a first-order hyperbolic system, either linear or quasi-linear. 
But when the system of ordinary differential equations is approximated by finite 
differences in time, this fourth-order accuracy is very quickly eroded as dt is increased. 
Indeed, with forward time differencing the Galerkin scheme becomes unstable unless 
At = 0(/P). 

Our approach in this paper is to use generqlised Galerkin or Petrov-Galerkin 
methods in which the test functions are different from the trial functions and are 
chosen so that waves are propagated without distortion for the special case when 
characteristics pass through mesh points or nodes at each time level. As a simple 
example, consider the scalar convection equation in one dimension ut = au, with 
a > 0. The Petrov-Galerkin equations with forward time-differencing take the form 

( u”+l - (U” + uAt a,uq, Qhi> = 0 (1.4) 

for some set of test functions &(x). When adt = h it should be possible for Un+l to 
exactly represent the shift of Un through one mesh-length: we call this the unit CFL 
property, which is satisfied by virtually all practical finite-difference schemes. It turns 
out that a simple choice of test function xi+(x) will give this property. Then in general 
we will take & = (1 - cG> di + pxi+, where p = aAt/h, so as to match the high 
accuracy of Galerkin as TV + 0 with the new property at p = 1. The resulting scheme 
is closely related to the single-step Lax-Wendroff method, but a considerable im- 
provement over it. Such relations between generalised Galerkin methods and finite 
difference methods have been noted previously by Mock [8] among others. 

In the next section we give an analysis of the properties of the method in terms of 
phase errors and damping of Fourier modes. Then, as a first step towards extending 
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this basic scheme to practical problems, we deal with variable coefficients and linear 
systems of equations, although still in one space dimension. The that 

one will not be able to reproduce the correct propagation speed of a shock with this 
scheme. The next section is therefore devoted to similar developments of methods 
based upon a theta time-stepping scheme and on a leap-frog scheme. Both approaches 
lead to interesting and accurate methods: the former gives, for 19 = 4, methods which 
are intermediate between the Crank-Nicolson-Galerkin method and the Keller box 
scheme; the latter gives a scheme which is fourth order in space and time, has an 
improved stability range compared with leap-frog Galerkin, and has a particularly 
simple form. 

2. METHODS BASED ON FORWARD (OR EULER) TIME-STEPPING 

At time level ndt and on a uniform mesh of size h we seek approximations of the 
form 

U”(x) : c U&j(X), (2-J) 
(j) 

and we confine our studies to the case of linear basis functions &(x) = $(x/h -,j), 
where b(s) is the usual “roof” function 

q%)=l +s, SE[-l,O], 

=l-,s, 

s E [O, 11 

and #(s) = 0 otherwise. We consider first the scalar convection problem 

ut = au, , a = positive constant, 

4% 0) = u,(x), 

the exact solution of which is given by u(x, t) = z&x + at). 

(2.2) 

(2.3) 

2.1. Derivation of Special Test Function 

The exact solution may be exactly reproduced by an Euler-Petrov-Galerkin 
method (1.4) when U,,(X) = U”(x) is of the form (2.1) and adt = h, provided that the 
test functions (denoted for this special case by xi+(x)) satisfy the relations 

all i. (2.4) 

This has to be true for all coefficients Ujo so that each of the inner products has to be 
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zero. To simplify further, we introduce the characteristic function &O(X) = 
$O(x/h - j) of the interval [ jh, (j + 1) Ii], where 

P(s) = 1, SE [O, l] (2.5) 

and HO = 0 elsewhere. Then it is clear that a,& = IK-~(#-_, - djo) so that (2.4) 
reduces to 

(dj - &O, Xi+) = const., all i, j; (2.6) 

and if ximi~ is to be Iocalised near x = ih, it follows that the constant must be zero. 
Furthermore, & - C&O is itself the difference between two triangular-shaped functions 
rj-l(x) - Ye, where rj(x) = x/h - j in [j/z, (j + 1) h] and zero elsewhere. So for the 
same localisation reasons, we have 

(rj , xi+) = 0, all i, j. (2.7) 

If the x~~+ are all to be translates of a single basis function xi+(x) = x(x/h - j), we 
obtain the defining relation 

s 

1 
q(s) ds = 0. 

0 
(2.8) 

The simplest such function, normalised to give J x ds = I, is 

x(s) = 4 - 6s, s E P, 11, (2.9) 

with x(s) = 0 elsewhere: we shall use this in all of the following, with xj” defined in 
terms of it. 

2.2. The Euler-Petrov-Galerkin (EPG) Method 

The scheme which results from using test functions in (1.4) which are a linear 
combination of the functions (2.9) and the trial functions is as follows: 

( Un+l - (V + adtap), (1 - V) (bf + “xii-) -= 0, all i. (2.10) 

We call this the Euler-Petrov-Galerkin (or EPG) method and in the Appendix it is 
shown to be stable for 

0 < aAt/h < v < 1. (2.11) 

In terms of the nodal parameters U,“, it may be written as 

[l f- :(I - v) 62](U;+1 - U,“) = pAo~,” + &LV~~U~~, (2.12) 
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where, using the usual notation, AoUj = &(Uj+l - Vi-3 and S2Uj = Uj.+l - 2Uj + 
Uj-1 with TV = uAt/h. Substituting a Fourier mode eiKs into (2.12) and setting 4 = kh 
gives an amplification in one time step of 

h(c) = 1 + [I - $(I - v) sin2 451-l [ip sin f - 2pv sin2 &,$I 

- I + ijQ - $pv$ - Qitw$ + a.*, as 5 -+ 0, 
(2.13) 

to be compared with ei@’ for the differential equation. Thus the scheme is first-order 
accurate for v > p; but for v = TV it is second-order accurate and the right-hand side 
of (2.12) is the same as that which appears in the Lax-Wendroff method-see 
Richtmyer and Morton [IO]. However, the presence of the mass matrix modifies the 
leading term of the truncation error from &(l - p2) 6” for Lax-Wendroff to &p2 
(1 - p) 5” here, a useful reduction by p/( 1 + p). 

To treat a problem like (2.3) but with a < 0, it is merely necessary to reflect every- 
thing in the plane x = 0 and to introduce test functions x3- still based on (2.9) but 
with 

xj-(-4 = x(j - x/h). (2.14) 

2.3. Dissipation and Dispersion Errors 

It is particularly important in assessing finite-element methods to calculate the 
accuracy outside the asymptotic limits. So in Table I we give the phase error A and 

TABLE I 

Phase Errors A in Units of Wavelength, and Amplification Factors K after One Oscillation, for 
Euler Time-stepping 

Euler-Petrov- Euler-Petrov- 
Lax-Wendroff Galerkin Euler-Galerkin Gale&m II 

P l A K A K A K A K 

0.2 44 -0.0951 0.936 -0.0182 0.966 -0.0103 1.624 -0.0018 0.973 
42 -0.3462 0.675 -0.1080 0.724 -0.0722 2.367 -0.0358 0.755 

3nl4 -0.6803 0.462 -0.3877 0.303 -0.3271 1.944 -0.2537 0.272 

0.55 7114 -0.0663 0.879 -0.0243 0.923 -0.0579 3.29 o.OtIo3 0.952 
7-a -0.2271 0.436 -0.0882 0.528 -0.2015 6.15 0.0058 0.641 

3rr/4 -0.4773 0.148 -0.1963 0.134 -0.4334 3.29 0.0428 0.191 

0.9 VI4 -0.0163 0.948 -0.0073 0.965 -0.1310 5.02 0.0008 0.982 
7712 -0.0360 0.715 -0.0107 0.797 -0.3398 7.96 0.0122 0.886 

3-r/4 -0.0039 0.551 +0.0258 0.672 -0.5399 3.18 0.0505 0.812 

a The fourth set of values is included here for convenience and is referred to later in the text, in 
Section 2.5. 
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amplification factor K for Fourier modes corresponding to t = rr/4,rr/2, and 37~14 and 
37r/4 and for mesh ratios given by p = 0.2, 0.55, and 0.9: in each case, A and K are 
calculated after one complete oscillation so that in terms of h given by (2.13) we have 

K = 1 ii In, A = n(arg A - ~&)/27r, where n = ~sT/&. (2.15) 

These are all for the second-order scheme with v = p. Comparison is made with both 
Lax-Wendroff and Euler-Galerkin in the table. There is clearly a valuable improve- 
ment compared with Lax-Wendroff, especially for small e and p and in phase speeds. 
The Euler-Gale&in scheme is of course unstable for any fixed CL, giving K > 1 in the 
table. But apart from restoring stability, the new choice of test functions has almost 
as good a phase accuracy as Euler-Galerkin at 1-1 = 0.2 and retains this high accuracy 
over the whole stable range of CL. This was the main aim of the construction. These 
conclusions are confirmed by numerical experiments convecting a Gaussian profile, 
typical results of which are given in Fig. 1. 

1.0 

0.5 

0.0 

;, (c3 
FIG. 1. Solutions of ut = au, by (a) EPG, (b) Lax-Wendroff, (c) EPGII. 

2.4. Variable Coefficient Problems 

The choice of v = p for the scalar convection equation has the more general inter- 
pretation of choosing v to be the ratio of the time-step At to the time At, for a charao 
teristic to travel one mesh length. For the variable coefficient equation ut = a(x) u, 
or ut = a,[a(x) u], At, will differ for each mesh interval so it follows that v should 
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also vary. To aim for second-order accuracy with a smooth a(x), it would seem to be 
adequate to put dt, N h/a(xJ and so we take vi = a(xJ At/h. (The complete achieve- 
ment of second-order accuracy will depend on the form of the equation and the 
quadrature rules used as well as the choice of vi .) 
The Euler-Petrov-Galerkin equations are then 

(V-k1 - (CP + At a&(x) V]), (1 - Vi) $i + v&> = 0, all i, (2.16) 

leading to difference equations for the nodal parameters which again resemble Lax- 
Wendroff although the schemes differ now by more than just the mass matrix. The 
EPG scheme has been tested on the problem 

(2.17) 

with the initial-boundary data 

u(0, t) = 0, u(x, 0) = (1 + 2x) sin 9x, x 6 10, 431, 

= 0, x E [7r/3, 7r]. 
(2.18) 

The true solution is 

24(x, t) = (1 + 2x) sin 9{[x2 + x - t + $]lj2 - +} 

for 0 < x2 + x - t < [7f/3(1 + 7r/3)]. (2.19) 

and zero elsewhere: approximate solutions using Lax-Wendroff and the EPG scheme 
are displayed in Fig. 2. They show that a clear improvement in phase error and dissi- 
pation is still obtained by this scheme despite the approximation used for v. 

2.5. Linear Hyperbolic Systems 

To be of any practical use the properties of the EPG methods must be taken over to 
systems of equations, and this can be done, in part at least, for linear symmetric 
hyperbolic systems. Consider the equations _ 

ut=Au 59 (2.20) 

where A is a real symmetric m x m matrix and u = [v, ug ,..., urnIT. It is straight- 
forward to extend (2.10) to system (2.20) when A is diagonal, so suppose the diagonal- 
ised form of (2.20) is 

Vt = (Iv,, (2.21) 



256 MORTON AND PARROTT 

i.0 

FIG. 2. Solutions of Eqs. (2.17) and (2.18) by (a) EPG, (b) Lax-Wendroff, (c) EPGII. The 
quantity plotted is u/(1 + 2x) at t = 1.6755. 

where 

Y = STU and A= = PAS; (2.22) 

the orthogonal matrix S is composed of the orthonormalised eigenvectors of A 
(assumed to be linearly independent). Since the signs of the eigenvalues are not 
known we write the generalization of (2.10) to the rth component’of (2.21) in the form 

9kd = (1 - I EC? I) di + 4 I CL, I(xi+ + xi-1 + Mx~+ - XT> for all i, (2.23) 

where p7 = A, At/h. This rather complicated expression can be simplified by introdu- 
cing q and ri , where 

ui = &’ + xi-) - fj$ ) i-i = 4(x,‘- - xi-), for all i. (2.24) 

Then for V(r) = C Vicr,&, a piecewise linear approximation to the rth component of 
v, we have 



GENERALISED GALERKIN FOR HYPERBOLICS 257 

Let V = C V& , where Vi = [Vjo) , Vjtz) ,,.., Vj(J, and let et7) denote the rth unit 
vector of R”. Then the approximation to the system can be written compactly as 

(V’n~kl) - (V” + At Aa,Vn), (4~ + (dt/h)[I n / ui + ATi]} ec,)> = 0 

for r = I,..., m and for all i. (2.26) 

We can now transform (2.26) into an approximation of (2.20) by using the fact that 
(a, b) = (Sa, Sb) and defining U = SV; we obtain 

(U” I1 - (U” + At Aa,Un), {bi + (dt/h)[S 1 fl 1 STUi + ATi]) Se(,)) = z 0, 

r = l,..., m and for all i. (2.27) 

Since S is nonsingular we can replace Se(,) by et,) in (2.27) and it can easily be shown 
that 

<CJ$ , TV) = 0 and (a,+, , oi) = 0, for all i and j. (2.28) 

Thus (2.27) simplifies to 

G-J ‘11 l - (U” + At Aa,uy, +ae(,)) + (dt/i~)(Ufi+~ - U”, aJee(,,> 

= (dtz/h)(Aa,Un, TiAe(r)), r = I ,..., m, all i, (2.29) 

where A” = S j A / ST. 
The structure of this approximation to (2.20) is quite illuminating: the first inner 

product is just the Euler-Galerkin approximation; the second inner product acts to 
increase the diagonal dominance of the Gale&in mass matrix since 2 is positive 
definite, its diagonal entries are necessarily positive, and 

finally, the third inner product is the appropriate second-order correction term to an 
Euler time difference, as in the one-step form of the Lax-Wendroff method. However, 
there is the disadvantage that A” is not in general diagonal and so there will be some 
coupling between components of U n+l, and also there may be considerable effort 
involved in calculating 2. For both reasons it may be desirable to approximate the 
second term in practical computations. 

The full equations (2.29) are a direct extension of the Euler-Petrov-Galerkin 
approximation to the scalar equation, so they retain its good phase and dissipation 
properties. We have applied the method to the wave equation 

Ut = 21, ) vt = u, (2.31) 
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(v now refers to the 2nd component) for which A” = I and A2 = I. The EPG equations 
are now much simpler namely, 

(Un+l - (U” + dt ABJJ”), +iecT~) + (dt/h)(Un+l - V--l, qe(,)) 

= (At2/hK4P, 7ie(d), r = 1, 2, for all i, (2.32) 

and the equations for the nodal parameters become, with p = At/h, 

[l + &( I - p) S”]( U;‘-l - U,“) = p d,l/i” + 4r-c” SVJ,“, 
(2.33) 

[l + &(I - /J) s”](V:” - vi”) = /at A,ui” + &L” S2viTL. 

The right-hand sides of (2.33) are identical with those of the single-step Lax-Wendroff 
method, as is true for general A, while the mass matrix again improves the accuracy. 

Results are given below for the following initial-boundary-value data on [0, ~1. 

u(x, 0) = 2 - 24(x, O), u(x, 0) = 1, 0 < x < 43, 

= $(l - cos 3x), n-13 < x < 2~13, 

= 0, 27~13 < x < TT, 

u(0, t) = 1, U(T, t) = 0, 

where the solution involves a reflection at x = 7r for t o [7r/3,2~/3]. Maximum nodal 
errors for the EPG approximation (2.33) are given in Table II together with compari- 

TABLE II 

Maximum Nodal Errors for the Reflection Problem with h = r/27 and At = 7r/305 

f Euler-Petrov-Galerkin 

p/6 0.0040 
VI3 0.0060 
rrj2 0.0110 

2x13 0.0140 
5~16 0.0110 

71 0.0120 
7~16 0.0140 

Lax-Wendroff (a) Lax-Wendroff (b) 

0.0062 0.0062 
0.0089 0.0089 

0.0499 0.0123 
0.0555 0.0220 
0.0670 0.0171 
0.0650 0.0197 
0.0708 0.0197 

n Lax-Wendroff results are for two boundary conditions on v: (a) one-sided difference, (b) Matsuno 
scheme. 

son values for Lax-Wendroff. Two different boundary conditions on u at x = 0 and 
x = rr were used with Lax-Wendroff, namely, a one-sided difference and the Matsuno 
scheme; cf. May and Morton [6], Matsuno [5]. For the EPG method, the most 
obvious treatment of the boundary conditions was used: that is, the boundary condi- 
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tions in (2.34) were imposed on U so that the first component of (2.32) was used for all 
except the first and last values of i and the second component for all i. These results 
illustrate both the improved accuracy of the Petrov-Galerkin method and the suita- 
bility of its so-called “natural” boundary conditions for reflection problems. 

The dependence of (2.29) upon the matrix S is clearly a disadvantage to the method. 
This prompted the idea of modifying the basic test function so as to avoid such a 
dependence. One possible modification would be to choose 

&(r) = (1 - p72) $4 + &YXi’- + xi-1 + &-4xi+ - Xi? for all i. (2.35) 

The “unit CFL property” is retained as 1 pr 1 + 1 and (2.29) is replaced by 

(Uti+l - (U” + dt Aa,Un), &e(,)) + (At/h)2(U”+1 - V, a,A2e(,j) 

= (~t2/h)(A8,Un, TiAetrj), r = 1, 2 ,..., m, for all i. (2.36) 

This scheme does not depend on S and furthermore appears to be more accurate than 
(2.29). The Fourier analysis of the truncation error for the scalar equation shows that 
the leading-order truncation term of Lax-Wendroff has now been cancelled and the 
method is third order. Compared with the expansion in (2.13), we have now introduced 
two parameters instead of v so as to match the first four terms of the amplification 
factor to eiuE. This is not a scheme which could readily have come to mind for solving 
the scalar equation (2.3) but for completeness we have tabulated its phase and dissi- 
pation proporties in Table I and have given results obtained with it in Figures 1 and 2, 
where we have called it EPG II. 

2.6. Nonlinear Equations 

As a final test of the EPG scheme, we have considered briefly its application to the 
standard test proboem: nt + ia, = 0 with initial data u(x, 0) = 1 for x < 0, 
u(x, 0) = 0 for x > 0. To accurately reproduce the speed of propagation of the 
discontinuity, any scheme must satisfy a discrete analogue of the conservation law 

s B 
2 Ut dx = UA2 - UB2. 

A 
i: i 

(2.37) 

For a Petrov-Galerkin method, this means that the test functions must span the 
constant function: then (2.37) is reproduced with ut replaced by a time difference. 
Unfortunately the EPG test functions do not have this property. Nevertheless we have 
applied the scheme to this problem to test the effect of setting vi = U,“At/h: as predic- 
ted, the shock speed was incorrect but the shock remained very sharp with virtually no 
oscillations. 
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3. METHODS BASED ON “THETA" AND LEAPFROG TIME-STEPPING 

The principles of Section 2 are applied in this section to obtain Petrov-Gale&in 
approximations for both theta-method time-stepping and leapfrog time-stepping. 
Special test functions are derived having the unit CFL property for the scalar convec- 
tion equation, and these are taken in linear combination with the Gale&in test func- 
tions. The Petrov-Galerkin method using theta time-stepping is given first. 

3.1. “Theta” Time-Stepping 

We replace the time derivative in u t = au, , a > 0, with a “theta method” time 
discretisation so that the Petrov-Galerkin equations, for some approximate solution U 
and test functions & , are 

(un+l - aAt&3,Un+1 - (un + aAt(1 - 0) a,Ufl), &> = 0 for all i. (3.1) 

Consider again the special case of piecewise linear initial data u. = P(x) with aAt = 
h, for which Eqs. (3.1) give the exact solution if #i = xi+ and the xt+ satisfy 

2 Uz+j(4j,-, - Oh a,&I - & - (1 - 8) h a,$j, xi+) = 0 for all i. (3.2) 
(j) 

These constraints simplify to 

for all i and j, (3.3) 

which further reduce to 

(rj - f&j:, xi+) = 0 for all i and j (3.4) 

in the notation of subsection 2.1, where (2.7) corresponds to 6’ = 0. As before we put 
xi+ = x(x/h - i) f or all i, where x(s) is nonzero only in [0, 11. Equations (3.4) then 
imply that x(s) satisfies 

s,’ Q(S) ds = 6’ 1’ x(s) ds (3.5) 
0 

and the simplest such x with the appropriate normalisation Ji x(s) ds = 1 is given by 

x(S) = 2(2 - 38) - 6(1 - 2e) S, s E [O, 11. (3.6) 

We use a linear combination of these functions with Galerkin test functions in (3.1), 
i.e., 

#i = (1 - 4 bi + “Xi’ (3.7) 
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FIG. 5. Solutions of ut = aus by (a) Leap-frog Galerkin, (b) LPG, (c) leap-frog finite-difference 
scheme. Note that (a) is calculated with p = 0.45, whereas (b) and (c) are at p = 0.9. 

1.0 

0.0 

-1.0 

1.0 

3.0 

-' .o 

1.0 

0.0 

-1.0 

FIG. 6. Solutions of Eqs. (2.17) and (2.18) by (a) Leap-frog Galerkin, (b) LPG, (c) leap-frog 
finite difference, all with &/Ax = 0.45. 
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These equations have been tested on the wave reflection problem given in Section 
2.5, for which case they have the simpler form 

(Un+l - V-l - 2 Lit AazUn, g$e(,)) + (Llt/l~)~ (Unfl - V-l, uiec,j) = 0, 
Y = 1, 2 for all i. (3.24) 

Table V presents the maximum nodal errors for this priblem using the same format 
as Table II. Natural boundary conditions are again used and the results show an 
encouraging improvement over Galerkin and are even better than those with leap- 
frog on a staggered mesh at later times. 

TABLEV 

Maximum Nodal Errors for the Wave Reflection Problem p = 0.45 and 0.9 

- 
Time 

/A = 0.45 p = 0.9 

Petrov-Gale&n Galerkin Petrov-Galerkin Staggered leap-frog 

46 0.0040 0.0047 0.0030 0.0031 

71/3 0.0060 0.0076 0.0070 0.0035 

42 0.0110 0.0074 0.0104 0.0052 

2~13 0.0140 0.0168 0.0095 0.0055 
5rr/6 0.0110 0.0248 0.0074 0.0106 

77 0.0120 0.0255 0.0060 0.0078 
7?r/6 0.0140 0.0319 0.0097 0.0122 

4. CONCLUDING REMARKS 

The schemes which have been devised in the preceding sections have demonstrated 
the value of the extra flexibility afforded by the Petrov-Gale&in technique as com- 
pared with the purely Galerkin approach. Stability has been markedly improved and in 
several cases computation has been simplified by making the mass matrix more 
diagonally dominant: but, most importantly, accuracy has been greatly increased for 
practical time-steps. It is not claimed that either the best test functions have been 
found for the limiting case of unit CFL number or that the proposed linear combina- 
tions of these functions with the trial functions give the optimal schemes for inter- 
mediate time-steps: but the results tabulated in the foregoing do show the potential of 
this approach. 

Much still remains to be done, however. Our studies have been largely confined to 
linear problems and always to simple systems of equations and one space dimension. 
Studies are in progress for the shock-tube problem used by Sod [I I] in his survey 
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article and work has started on multidimensional problems. But we expect that 
success with these more demanding problems may well depend upon devising multi- 
step versions of the algorithms given above, as, for example, in the two-step Lax- 
Wendroff method or used by Douglas and DuPont [3] for Crank-Nicolson-Gale&in. 

APPENDIX 

THEOREM. The Euler-Petrov-Galerkin method (2.10) for ut = au,, a > 0, is 
stablefor <aAt/h <v < 1. 

Proof. We first note that the basis functions &O, & , and x3+ satisfy 

Then we introduce the function V(x) = C Vj$j(x) with nodal parameters given by 

(V - aa,U, *i) = 0, for all i, 642) 

where $i are the test functions & = (1 - v) #Jo + vxd+. Multiplication of each Petrov- 
Galerkin equation (2.10) by the coefficient (U,“+r + Uin + At Vi) and summing over 
i thus lead to the equation 

u n-t’ - (U” + a At a,U”), C (U,“” ’ T (ii” + At Vi) +I) = 0. G43) 
(i) 

From (Al), the inner products between U” and U lE+l are symmetric and therefore 
cancel. If we introduce the discrete norm I U I2 for h &) Ui2, (A3) reduces therefore 
t0 

[(l - V) 11 un+r 112 + V I un+r I”] - [(l - V) /I U” II2 + V I U” I”] 

= (a At W”, 1 (U;” + uin> &) - (u’+l - un, At c v~#~) 
(I) (i) 

+ (a At aJJn, At $ v&i>. 644) 

But, by the construction (A2), the second inner product can be replaced by (a At 
aan, Cd”t”+l - Up) &) and combined with the first so that the right-hand side 
of (A4) reduces to 

(a At %J-Jn, z @UT + At Vi) &). (A% 
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We need to bound this in order to apply the energy method and establish stability. 
Now (a,Un, V> = 0 and also 

j( I2 asu + C uinXi+ 11 = (( C ui”(+Y-I - di” + Xi+)[[ 
(0 

= 41;Iu" 12 = 11; ui"xi+jj2. 

Hence, multiplying out the square, we have 

2 (a,Ufiy 1 Ui"#i) = 2V (asUn, C (i,lXi+) = --VI? 11 a,Un 11’. 
(i) (0 

For the other term in (A5) we have, from (A2), 

(u aZUn, C vi#d) = ( v9 C vi#i) = (1 - V) I( V/j2 + V / V 12. 
(i) (i) 

In addition, 

2 (a a,Un,x Vi#i) = 2(1 - ~)(a a,U", V) + 2v(c uD+U&~,~ V,xi+) 
(i) (j) (i) 

(‘46) 

647) 

648) 

< (1 - al a a,un II2 + II v II”1 f dll a a,Un II2 + I P’ I”]. (A% 

Subtracting (A8) from (A9) gives 

(U wfn, C f+4) G 11 a as* 112; 
(i) 

and, combining this with (A7), gives as a bound for the expression in (A5) 

VW 

This establishes stability of the EPG method for the pure initial-value problem in the 
energy norm given on the left-hand side of (A4). 
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